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Current ballistics analyses require detailed information of the internal flowfield forming in the combustion
chamber of solid rocket motors. In this study, we develop a model applicable to the circular-port motor with slightly
tapered grain. A combined geometric configuration is considered in which a straight cylinder is connected to a
tapered cone. The analysis is based on the vorticity-stream function approach, allowing us to resolve the problem
under incompressible, isothermal, inviscid, rotational, axisymmetric, and steady-state conditions. Additionally,
Clayton’s procedure is implemented with the aim of producing an approximate solution that reflects the behavior of
the flowfield at higher orders in the taper angle (Clayton, C. D., “Flowfields in Solid Rocket Motors with Tapered
Bores,” AIAA Paper 96-2643, July 1996). Given a nonlinear governing equation, a solution is sought with the use of
regular perturbations. A numerical simulation is also carried out, based on a finite volume solver, to verify the
asymptotic approximations. Analytical results are discussed and their range of validity is determined. The pressure
recovery due to taper is calculated and shown to be important in most practical applications.

Nomenclature

= momentum thrust
normalized pressure, p/pV?
= dimensional pressure
dimensional radius of cylindrical motor
normalized radial coordinate, 7/ R,
dimensional radial coordinate
normalized velocity, u/V,
dimensional velocity, (i, i)
injection velocity at propellant surface
normalized axial coordinate, Z/R,
axial coordinate
= velocity ratio, up,, /.. (2)

coordinate transformation, n = Byr?/r?
density
normalized stream function
= normalized vorticity

S
1l

HDED I THUN IR VY NTIT
<
1l

=  burning surface

radial or axial component

azimuthal component

= leading-order, parallel chamber quantities
= first-order correction

Superscript

- =  dimensional quantity

I. Introduction

HE extraction of critical design parameters for solid rocket
motors (SRMs) through internal ballistics analysis constitutes
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an integral part of modern propulsion system design and
development. The flowfields generated in combustion chambers
and their performance comprise the framework necessary to evaluate
specific motor requirements, candidate grain geometries, motor
configurations, and propellant formulations [1]. Ballistics analyses
are available to predict chamber pressures, combustion instabilities,
thrust, mass flux, and grain burn rate histories based on the velocity
and pressure profiles provided by the mean flowfield [2-9]. An
increase in the accuracy of predictions provided by ballistics
analyses invariably requires enhanced flowfield models.

In the past, several researchers have developed mean flow models
that have set the standard for flowfield investigations. Among them is
Culick [10], whose original rotational, inviscid solution remains at
the foundation of many studies. These include those by Majdalani
and coworkers who have extended Culick’s solution by capturing the
effects of viscosity, wall regression [11,12], compressibility [13],
and arbitrary headwall injection [14,15]. Other related research
involves the evaluation of unsteady wave motions [16-21], acoustic
interactions with propellant burning [12], velocity and pressure
coupling [22], nonlinear (DC) pressure shift [23], triggering
amplitudes [24], limit cycle amplitudes [25], as well as particle-mean
flow interactions [26-30], two-phase flow effects [31], distributed
combustion, parietal vortex shedding [32-34], and both spatial and
temporal instabilities of the mean flow [35-38].

It is imperative that the rocket propulsion community continues to
seek refinement in current analytical, numerical, and experimental
flowfield modeling methods to avoid economic losses resulting from
adjusted mission requirements, overdesign, mission failures, and
catastrophic accidents due to under and overprediction of the
pressure load in the motor case.

The search for enhanced analytical models has led one to consider
the mean flowfield characteristics of SRMs with tapered bores.
Examples of tapered propellant surfaces can be observed in the
Titan IV, Ariane, Castor, solid rocket boosters, interceptor vehicles
with fast burning propellants, and other moderate size launch
vehicles requiring thrust curve modifications. Most modern SRMs
are manufactured with small tapers to facilitate the removal of the
casting mandrel after the curing process is completed. It is implied
that these small tapers help to reduce the contact between the
propellant surface and the mandrel, thereby reducing the possibilities
of propellant tear, cracking and debonding. Additional tapering of
propellant bores has served two functions: 1) minimization of erosive
burning and 2) implementation of boost-sustain motor configura-
tions. Tapering or coning of the propellant surfaces can also help to
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Fig. 1 Schematic featuring a) typical cylindrical solid rocket motor
with tapered bore and characteristic streamlines; and b) coordinate
system for the mathematical model.

maximize the volumetric loading fraction by increasing the port-to-
throat area ratio.

Aside from the three-dimensional internal ballistics codes such as
the standard stability prediction [39] and the solid propellant
performance [2—4], there are many industrial codes that still refer to
parallel profiles (such as Culick’s [10]) as a basis for design and
analysis [40]. When parallel profiles are applied to tapered SRMs, the
result is overprediction of the pressure drop by as much as 50 to 85%
for taper angles as small as 1 deg. Such discrepancies can drastically
alter motor case design requirements to the extent of compromising
the structural integrity of the case or its components.

II. Mathematical Model

For academic reasons, the SRM is characterized as a cylindrical,
circular-port duct with a circumferential porous surface canted at an
angle «v. Our model in Fig. 1a incorporates both the nontapered and
tapered geometries. This enables us to account for the bulk flow
originating from the nontapered section of the motor. The origin for
the coordinate system is placed at the interface where z and r denote
the axial and radial coordinates, respectively (see Fig. 1b). The
nontapered section of the cylindrical motor has dimensions of length
L, and radius R,. The gases are injected perpendicularly to the
tapered surface. To satisfy mass conservation, the injected gases are
forced to turn and merge with the bulk flow emerging from the
parallel segment. The streamline behavior can be seen in Fig. 1a.

A. Governing Equations

In this problem, vorticity is produced at the surface as a result of
the interaction between the injected fluid and the axial pressure
gradient; one may begin by obtaining the required form of the
vorticity. Furthermore, the flow can be taken to be 1) axisymmetric,
2) inviscid, 3) incompressible, 4) rotational, and 5) nonreactive. In
accordance with the stated assumptions, the kinematic equations of
motion can be written in scalar notation. In the interest of clarity,
these are

_da, 0@, 19p

S P R 1 M
du, ou,  dp

I U R Py P

r roz du, ou,  dp

Loy ) e T e

=3, Py 19y Py

or>  ror 0%

radial momentum
z=0, Vr,
axial momentum

— ———+——+ Qy=0 vorticity equation

hll
e

i, =0 (nocrossingofaxis) 7

Fig. 2 Schematic of physical boundary conditions.

_da, | _dm,  10p

O TR Tt @
- = Q. Qi 1%y 0 (1Y
Q_Q‘)—az_a;__?a_zz_ﬁ(?ﬁ) @
where
} 1y _ 1oy
r —;8—2, uz—;ﬁ (4)

B. Boundary Conditions

While it is apparent that a radial velocity component exists at the
interface, one should note that it does not contribute to the mass
crossing into the tapered region; hence, it is not required to obtain a
solution in the tapered domain (see Fig. 2). The key constraints
consist of the following: 1) the axial inflow condition arising from
mass balance across the taper interface (accounting for the bulk flow
from the parallel portion of the motor); 2) no flow across the
centerline; and 3) uniform, orthonormal injection at the burning
surface. Mathematically, the boundary conditions can be evaluated
and expressed as

2=0, V75 o, =nV,(Ly/Ry) cos(mr*/R})

r=r,, VZz, u,=V,sina

L o ®)
r=r,, Yz, u,=-V,cosx

F=0, Vi, i,=0

where V, is the injection velocity at the burning surface.

C. Normalization

Normalization of the variables associated with the mathematical
model provides a descriptive and compact solution. One may set

r Z L, -
=— =— L=—; V =R,V 6
"T R ‘TR R, 0 ©
i, ii, P
U, =—; U, =—; P=—3 )
Vi Vi oV
y R,Q
= V.. q=f ®)
RyV, Vy

Normalizing the equations and boundary conditions, it follows that

u, = L cos(3nr?)
r=ry, Yz, u,=sina ©)
u, = —cosa
=0, Yz u=0
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Fig. 3 Mass balance over a tapered segment.

D. Average Velocity

The geometry is based on the cylindrical coordinate system
(depicted in Fig. 3) where 7 is the dimensional axial coordinate and r
is the dimensional radial coordinate. The area of the sloped surface is
calculated to be

A, =2nZseca(Ry + 3 Ztana) (10)
Also, the tapered chamber cross-sectional area is
A(Z) = m(Ry + Ztana)? (11)

The inflow cross-sectional area at the interface of the tapered and
straight portions of the chamber is given by

Ay = R2 (12)

As aresult of a mass balance in the straight segment of the chamber,
the average inflow velocity becomes

ug= (ZLO/RO)Vb (13)

Here L, is termed the bulk flow parameter because it is directly
proportional to the average velocity at the entrance to the tapered
domain. Because of mass conservation, the cross-sectional average
velocity of the fluid at any axial location zZ may be expressed by

Aoity + ALV,

A0) (14)

Uave(2) =

By substituting Eqs. (10-13), the average normalized velocity
becomes

L+ zseca(l —i—%ztana)

e (2) (ot zaney (15)
For the case o = 0, Eq. (15) reduces to
Uae(2) =2(z + L) (16)

This relation describes the bulk flow in a straight circular-port motor.
To determine the behavior of the gases when sufficiently removed
from the head end, one may manipulate Eq. (15) and compute the
limit of the resulting expression. One gets

1 “2TL 1t
Uye(2) = 2(— + tan a) [— + seca(— + an a):| a7
z z z 2

The limit at z — oo furnishes

lim u,,.(2) = csca (18)

From Eq. (18), it can be seen that the velocity in a tapered chamber
converges to a constant value as the motor length becomes large. This
behavior is illustrated in Fig. 4. Thus, it can be seen that the flow
cannot continue to accelerate due to the gradual increase in cross-
sectional area. This is contrary to the case of a parallel port motor
where the velocity continues to increase in the downstream direction.
Typically, combined motor configurations have a straight cylinder
immediately followed by a tapered segment. In light of this, it is
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Fig. 4 Axial variation of average velocity for L = 0.

physically impossible for the velocity of the gases to increase beyond
the limiting value prescribed by the tapered geometry. Mass
conservation requires that the average velocity throughout the
parallel segment of the motor remains less than or equal to the
limiting value. This is equivalent to setting

Mave(z)la:() deg = Mave(oo) or z= %CSCO( —-L (]9)

With subsequent manipulation [and expressing Eq. (19) in
dimensional variables], one obtains

Z<1Ry/a—L, (20)

where the small angle approximation sino ~ « is used. The
geometric parameters of the motors must be chosen such that Eq. (20)
is satisfied. Compliance with this criterion ensures a valid solution.

E. Stream Function Along the Burning Surface

A crucial component to the formulation of the flowfield under
study is the development of the stream function at the simulated
burning surface. It is clear that the behavior of the stream function
depends on the angular orientation of the propellant surface. As
shown in Fig. 5, the normalized variables along the burning surface
can be readily determined to be

Z=s5CcosU (21)
rg=14+ssino =1+ ztanw (22)
u,, =—cosa, u,, =sino 23)

As a result, the directional derivative assumes the form

ay, _ i dr Ovdz_dy, 0,
ds ~ 0r ds dz ds ~ or 0z

cosa 24)

The stream function relations at the simulated burning surface can be
defined as

v, _ I,

2 Uy oy = T, 25
5 rou,, PP rou, (25)

Then, insertion of the stream function definitions into Eq. (24) yields
% = ry(sina + cos’a) = 1 + ssina (26)
s

Subsequent integration of Eq. (26) renders v, (s) = s(1+

2\

~ ﬁecd -
a. r=l+ztaner
1 1
z
Fig. 5 Schematic of burning surface quantities.
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%s sina) + C, hence

Vy(z) = zseca(l +iztana) + C 27

where C is a constant that may be determined from the boundary
condition, ¥,(0) = L. Application of this constraint gives

Vy(z) = zseca(l +iztana) + L (28)

It is to be noted that with the above expressions, the average velocity
reduces to

Vs _ zseca(l +fztana) + L
r? (1 + ztana)?

Upe(2) =2 (29)

F. Axial Pressure Gradient

The axial pressure gradient is deemed to be the primary source of
vorticity. As a result, we may begin by expressing the axial variation
of pressure in the form of Bernoulli’s equation as

P(2) = po — Juia (2) (30)

It may be useful to recall that the pressure variation is sensitive to
the shape of the axial velocity profile. One should also note that the
shape of the profile changes at each axial location and that the
maximum velocity is unknown. It will be therefore helpful to define
an expression that captures the effect of profile variation in z as the
gases make their way toward the exit plane. This will be
accomplished by defining the ratio of maximum-to-average
velocities as

u max (Z)
uave (Z)

The form of B(z) will be later determined from imposition of the no-
slip requirement at the burning surface. By substituting Eq. (31) into
Eq. (30), one is left with

P =DpPo— %ﬁzugvc(z) (32)

B(2) = €2V

The pressure gradient is determined along the simulated burning
surface by evaluating the derivative of Eq. (32). The result is

[duave (z) n M;JZ z(;) d/f1 S)] (33)

Next, the axial derivative of the average velocity may be obtained
from Eq. (29), namely,

a_ - _ﬁz(z)uavc( )

du,y. _ s, /8 te:n o (34)
dz T T

Substituting Eq. (34) into Eq. (33) and simplifying, it follows that

ap _ 4ﬂ2wAseca [1_21//Ssi2na+1/fxcosa(§)i|;
oo \P (35)

aZ r s s
b

ﬂ:dz

G. Surface Vorticity

Having determined the relationship between stream function and
pressure, the momentum equation for steady, inviscid flows may be
evaluated at the surface. To begin, one may recall the normalized
form of Euler’s equation,

IVu-u)—ux(Vxu)y=-Vp or ux2=V(p+iu-u)

(36)

The normalized velocity at the simulated burning surface can be
expressed in terms of the taper angle via

u, =—coswe, + sinwe, (37)
Evaluating the expression at the surface by substitution of Eq. (37)
into Eq. (36) gives

u x 2 =—-Qsince, + cosae,) = —Q,§ (38)

Here § represents the unit vector parallel to the burning surface. The
corresponding pressure gradient can be expressed as

dp,. (dpdr dez ap . ap
Es— (3rds+ 92 ds § = 3rsmo{—|— aZcosoz s 39)

At the surface, V(u - u) = 0; this enables us to equate Egs. (38) and
(39). At the outset, we collect
d d ad
o p p p

s =——sineg ——cosa =———cosa + O(sinw) (40)
ar 0z 0z

Note that, with values of « between 1 and 3 deg, the term containing
sina has been suppressed. Finally, the surface vorticity can be
expressed as

e )

s Iy

At this juncture, one may seek a relationship that permits
satisfying the steady vorticity transport equation given by the curl of
Eq. (36), specifically, V x (u x £2) = 0. This is identically satisfied
when the vorticity and stream function are proportional via
Q /r o< ¢. Knowing that the value of Y must remain constant along a
streamline, one may equate v to Y, its value at the tapered surface; it
follows that

~ |0

Q

oo o=Lgq, 42)
P

Substituting Eq. (41) into (42) yields

Ysina

+1pcosa(g):| 43)
rS rS ﬁ

This key relation is shown on Fig. 6.

Qr.2) = 46 ‘”[1—2

III. Approximate Solutions

With a complete formulation for the chamber vorticity, a partial,
nonlinear differential equation that governs the flow is at hand. This
can be obtained by substituting Eq. (43) into Eq. (9); the resulting
vorticity equation turns into:

Fig. 6 Mathematical model depicting surface vorticity and stream function.
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P2y 10y v ¥ Ysina  Ycosa (B
N R s (9]

K s

(44)

By numerical methods, Clayton [40] notes that 8’ and 9%v// 3z are
small quantities. Clayton’s observations may be verified using a
scaling analysis. Considering that

02y _ d(ru,)
92 0z

(45)

one may recall that u, is independent of z in the straight circular-port,
thus causing Eq. (45) to vanish at leading order. It is clear that the
presence of small taper will not affect the size of this term, given the
magnitude of sin «. Henceforth, it is posited that the axial derivatives
are of small magnitude and can be neglected in the tapered domain.
Using Clayton’s arguments, Eq. (44) is reduced to

—4p 2w(1—2‘/”srm“) (46)

s

Fy 1y
92 ror

The two boundary conditions that are required to solve Eq. (44) are
given by

¥(0,2) =0 Y(ry.2) =V, 47

With a nonlinear partial differential equation at hand, the method of
regular perturbations may be applied. In concert with such a
methodology, the stream function and velocities may be expanded in
the form

V=1, + ey, +O() 48)
u =uy+ eu; + O(?) (49)
B=Bo+ehi+ O (50)

where the perturbation parameter is due to the small taper angle,
namely,

e = sin(a) (51)

A solution may be obtained by substituting Eqs. (48-52) into
Eq. (46). The resulting expression may then be expanded into a linear
sequence of ordinary differential equations.

A. Leading-Order Solution
At leading order, one obtains

32100 _lawo 4/30

o2 r or

Vo= (52)

This is a simple, second-order, linear differential equation with the
general solution

2 2
Vo(r,z) = C, cos (,30 ﬁ) + G, Sin(ﬂo ﬁ) (53)

Straightforward evaluation of Eq. (53) at the assigned boundary
conditions gives

2
Yo(r.2) = v, sin(ﬂo %) (54)

where
Yo(z) =zseca(l +iztane) + L and B, =im (55)

It should be noted that at L = o = 0, one recovers

Yo(r,z) =z sin(ﬁorz) (56)

Equation (56) reproduces Culick’s profile [10] for flow in an
internal burning cylinder. The leading-order solution expressed by
Eq. (54) may be referred to as an extended version of Culick’s profile.
This form is a result of the additional bulk flow caused by the
increased surface area.

B. First-Order Solution

At first order, one obtains the following ordinary differential
equation:

32% _13% 413 8"2!3051 8"2130
o roor it Yo ¥ =0 (7
with
Vi (0)=0, ¥ (r)=0 (58)

Applying these boundary conditions, one obtains

2
1//5 |:31ﬁY + ¥, cos(ZﬁO 2) — 2, sin(ﬁo %)

s s

Yi(r,2) =

r 2 V2
— 44 cos ﬂog + 3B,r*cos 50ﬁ (59)

The first-order velocity ratio §; must be determined such that the no-
slip condition is satisfied along the tapered surface. This can be
written as

Vy,-s=Viyp-§=0 (60)
therefore,
a—Vfcosoz + a—ll/sinoz = (Yo + ey¥y), cosa
ar az
+ (Yo + eyy). sina =0 (61)

Noting that ¥, already satisfies the no-slip condition at the wall, we
recover
81&1 81//,

coso + ——

sinae =0 (62)
0z

Again, it can be seen that the term containing sin ¢ is negligibly
small, being of O(¢). Setting Eq. (62) equal to zero and evaluating the
resulting expression at the tapered surface, one obtains

4,

2
3r;

B = (63)
The required forms of the leading and first-order velocity ratios, S,
and f3,, are presently known.

C. Velocity, Pressure, and Vorticity

With the proper form of the stream function available, it is now
possible to evaluate the physical characteristics of the flowfield. For
simplicity, we define

[N

n=pr (64)
ry
The leading and first-order stream functions become
Vo(r,z) =y, siny (65)
and
Yi(r,z) = [31//T + ¥, cos(2n) — 2y, sinn — 4y, cosn
+ 3ﬂ1r cos 7] (66)
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The radial and axial velocities are

{ U =urp + Uy + 0(82) (67)

U, =1Uuz0 + LS| + 0(82)

Using the relationship between the velocity and stream function, the
leading and first-order axial velocity profiles are expressed by

g = 200 _ 2PV o B cos (68)
r or s
and
Loy, v, ,
e =y = 3 (68173 = 4w ) cosm + B3,
— 6817%) siny — 4By, sin(21) | (69)

which can be written very conveniently in terms of the average
velocity as

U1 =33 [(2 = Bo) cos n + 2(By — m) siny — By sin(2n)]  (70)

Because the variation of the chamber radius is of O(sin &), ry, albeit
function of z, is treated as a constant. With this in mind, the leading-
order radial velocity can be expressed as

1V, _
r oz

Upg= —%secasinn 1)

The first-order radial velocity component becomes

_ 1 1oyidyy 1oyadr 1990 dyy
S roy, dz  rdr, dz  roy, dz
_tanocaw1 __8w,%+0(8) 72)

rodr, Oy, dz

At first order, the O(¢) terms in u, ; become O(g?); therefore, we
only need to evaluate the first term in Eq. (72), specifically,

2 2
U, = _ 2 seca [3 + cos(2n) —2sinn —4cosn + 4r—2cos n]

’ 3rr, Ty

+ O(e)

(73)
= —%uave sec @[3 + cos(2n) — 2sinn — 4 cosn + (8/m) ncos )
,
+ O(e)

(74)

From the velocity profiles, the spatial variation of the pressure can
be ascertained. The substitution of the velocity components into the
z- and r-momentum equations yields

ad 7% Y, seca

and so, by keeping r, constant,

2
% = — 57 {Rleos@n) — 114+ 2By sin@)| - (76)
,
By integrating and combining Eqs. (75) and (76), one is able to
produce the spatial variation of the pressure that satisfies both
momentum equations. By inspection, one concludes that the radial
component of pressure is of marginal importance, being of O(sin’a).
At leading order, Eq. (75) may be integrated to obtain

m?zseca
R
2

p(@) = (zseca + 2L) + pcyiick )

where p(0,0) = peyik = —3L*7* stems from the head-end
boundary condition. Setting Ap = p — pcyjck, ON€ may express
the leading-order expression for the pressure drop as

2

n? zseca
Ap():——z — (zseca +2L)
2
7 zseca

= _Em(z seca + 2L) (78)

Knowing that r; is treated as a constant for first-order
approximations, it may be argued that some error may be incurred as
a result of performing multiple differentiation and integration
operations that neglect the axial dependence of the radius. Also, the
evaluation of the derivatives and subsequent integration of the
resulting expression produce higher-order terms that, for purposes of
retrieving a leading-order solution, may be dismissed. In an attempt
to improve accuracy, one may seek a higher-order correction for the
pressure drop. This higher-order correction accounts for the second-
order axial derivative of the stream function as well as the variation of
r, with axial distance. Evidently, this variation becomes more
significant at larger taper angles. Our second-order accurate
approximation for the pressure drop can be expressed as

m?zseco zseca
Apl(z):—7 o (zseca +2L) —¢ 185

X {4(r — 4)sec’a + Psecta| 160t — 4)°L + 97rt
+3Lzsec a[S(n —4°L + 3n2r§?] +16(r — 4)>L%} (79)

For L = 0, we recover

2 3

m? ?sec’a sec’a
Api@)=—F—F——¢ g5 [4(71 —4)2zseca + 9n2r;‘]

(80)

In addition to the formulation of the velocity and pressure
gradients, one may evaluate the vorticity. This can be accomplished

via
1 (secatana 4ry,\ . r?
R e O L ()

r s

Each of the required flowfield characteristics particular to tapered
cylindrical motors is now at hand. The effect of the bulk flow
parameter will be examined along with the taper angle. One should
note that this parameter is also the normalized chamber length
L - Lo/Ro.

D. Ideal Momentum Thrust

In pursuit of an expression that reveals the response of the thrust to
the taper angle, the axial momentum force, at any station z, may be
calculated viz.

F =2mpVIR} /rv ulrdr (82)
0

Following the convention adopted in Egs. (6) and (7), one can put

F(z) =27 / " rdr; (83)
0

Fe=—'
PVRG

It is informative to evaluate Eq. (83) using the average velocity. The
corresponding thrust is simply

2L + zseca(2 + ztana)?
(1 + ztana)?

Fue(2) = (84)

The actual thrust may be estimated from F(z) =2 [3* (u?+
28u,gu, )rdr = Fy(z) + ¢F(z) + ...; to first order, this expan-
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sion yields

F(z) =3 (L 4 zsec )? — In?e(L + zsec a)[3(3m — 10)

x (L + zseca)? + mzseca(2L + zseca)] + ... (85)

Subsequently, for L =0, one retrieves F =imz2sec’a—
La?(Tm —Yez’sec’a + O(¢?). The companion momentum cor-
rection coefficient may be calculated from A =F/F,.=
Lo + edi + O(?). Based on Egs. (84) and (85), one collects

condition used in the analytical treatment. The selection of the
injection velocity follows from the experimental work of Brown,
Dunlap, and coworkers [42,43]. This range may be sufficient in view
of Clayton’s CFD results [40]. These confirm that the taper profiles
change minimally with increasing injection velocity provided that
the wall injection Reynolds number, Re = pV,,D/ ., falls between
102 and 10*.

To capture coherent structures that correspond to our analytical
solution, the numerical scheme that we adopt is based on the laminar
model. We recognize, however, that the flowfield inside an actual
SRM will be turbulent, particularly, in the downstream portions of an

ho = 8 72(L + zsecw)

_ mz(2L + zseca)

7z7(z + 2L cos a)secta[ (21 — 40)z> + 2L (217w — 40)z cosa + 4L>* (3 — 10)]

7’ . (217 — 40)wzsec a(2L + zseca) + 4L*(3m — 10)

(86)

"7 8(z + Lcosa)

Finally, for L = 0, simple expressions are recovered, namely,

Ao = im? + L (21w — 40)zsec o
{ 0=3g 757 ( )z 87)

_ 1.2 1 2epp?
M =gmizseca + (21w — 40)z%sec’a
The momentum correction coefficient reduces to a constant A =

%nz =~ 1.2337 for the no taper case. It reaches a maximum value of
1.23546 at

_ 200 — 1057 + /27200 — 314407 + 9009
= 2217 — 40)
~ 0.0351868 cota (88)

ota

The behavior of the thrust force is more fully described in Sec. V.B.

IV. CFD Confirmation

A perturbation technique has enabled us to obtain closed-form
approximations that describe the mean flowfield for the circular-port
motor with tapered bore. A numerical simulation is now invoked to
validate the analytical results and verify their assumptions and ranges
of applicability which, so far, could only be estimated with
asymptotics. In the interest of simplicity, a numerical simulation is
performed with the use of a commercial code [41]; the purpose is to
recreate the simulated environment evoked in deriving the analytical
solutions.

A. Geometry and Meshing Scheme

The geometric models are created for taper angles ranging from 1
to 3 deg. The dimensions are chosen in accordance with the
parameters used by the analytical model. The cylindrical motor is
represented in three-dimensional space, and the gaseous mixture
(assuming single phase) is injected across its simulated burning
surface. A standard meshing scheme is employed with an interval
size of 0.1.

B. Boundary and Operating Conditions

The reference pressure we use is the stagnation pressure at the head
end of the chamber, specifically, the pressure at the origin. The
working fluid is injected at velocities ranging from 0.1 to 1 m/s.
These values of injection velocity ensure that the Mach number
remains less than 0.3, hence justifying the incompressible flow

72(2L + zseca)?

elongated chamber; this idea is nicely covered by Apte and Yang
[44].

V. Results and Discussion

This section seeks to examine the dissimilarities that exist between
the numerical and analytical cases presented earlier. With available
information, one is able to determine the level of accuracy that is
required and which physical parameters are most important. As noted
by Clayton [40], the axial velocity profiles and the pressure drop are
of paramount importance. However, the pursuit of a general
expression that describes the flowfield in tapered geometry requires
that certain terms be neglected during the derivation process. To
validate the dismissal of these terms, the same problem is now solved
numerically. In the forthcoming sections, the numerical results are
compared to those found analytically.

A. Pressure Approximations

The slow increase in cross-sectional area in the axial direction acts
to decrease the pressure drop by allowing a build up in local static
pressure with the accompanying decrease in dynamic pressure. By
comparison to Culick’s solution in a straight circular-port motor [10],
Figs. 7a and 7b illustrate that there are substantial decreases in the
pressure drop at higher taper angles taken at a length-to-radius ratio
of z = 10. The value of z corresponds to the maximum length of the
tapered segment for a bulk flow value of zero. Recovering the error
that has accrued as a result of the constant radius assumption and
neglecting the second-order axial derivative requires the addition of a
higher-order correction.

The behavior of the higher-order solution can be examined in
Fig. 7b. The addition of the higher-order correction seems to have
much more of an impact at higher taper angles and larger tapered
domains; this trend suggests that the corrections are a requisite for
analytical pressure predictions for these cases. Compared with the
higher-order solution, the leading-order solution underpredicts the
pressure drop at larger taper angles. In later portions of this work, the
higher-order correction will prove to be essential for the validation of
the mathematical model. It is clear that there is an overprediction in
pressure drop. The error increases as the gases head toward the aft
end. Atthe edge of the solution domain, the total pressure drop can be
overpredicted by as much as 48 to 75% using the leading-order
expression. The natural range for percent overprediction using the
higher-order correction varies here between 24 and 52%. Obviously,



452 SAMS, MAJDALANI, AND SAAD

o)

-200
Apo

-4004

-600 T T T T T T T T T 1

a)

-200
Ap]

-400

-600 T T T T T T T T T 1

b)

100 -
—om L=0

—=0(e)

75-

8% 50+

¢)
04

200 N
A FLUENT™ A
a=0

400+ TTra=l

-600 T T T T T T T T T 1

d)

Fig. 7 Plots of a) leading-order and b) first-order approximations for
several values of «. In ¢) the percent overprediction at several values of «
and d) numerical vs first-order approximation are shown.

use of the leading-order solution to predict the total pressure drop is
not sufficient.

B. Momentum Thrust Behavior

In Fig. 8, F, F,., and A are shown at several taper angles and z;
they are truncated in the streamwise direction when crossing their
range of validity. The sensitivity of the momentum thrust to  seems
to be consistent with that of the pressure drop. As the taper angle
increases, continuity requires the average velocity to diminish along
with the momentum thrust. It must be borne in mind, however, that
this behavior corresponds to a steady-state, nozzleless, cold-flow
solution that does not account for neutral, regressive, or progressive
burning effects. The actual momentum thrust is slightly larger than
the average value, as shown in Fig. 8b. Using L = 0, the momentum
correction  coefficient starts at §7* ~ 1.23370, following
Eq. (87); it increases to a maximum of 1.23546 at precisely
7 =0.0351868 cot o, then decreases back to unity. The descent is
more pronounced at higher taper angles for which the average
velocity reaches its asymptotic limit more rapidly.

1,000 1 ,
1 tr=o0 R

800 1

l m T - T - T T T 1

) 0 5 10 15 20 25 7z 30

Fig. 8 Plots of a) actual thrust, b) average thrust and ¢) momentum
correction coefficient, F/F,,. at several values of «.

C. Axial Velocity

One should recall that r, was treated as a constant during the
evaluation of the axial and radial velocity components.
Consequently, it was expected that some error would be introduced
into the solution. In Fig. 9, it can be observed that there exists no
discernible pattern for the analytical profiles and their numerical
counterparts. This may be attributed to the effects of curvature as well
as the nonuniform 3-D computational grid used for the numerical
model. As a result, the numerical solution is seen to slightly
overshoot or undershoot the numerical solution at various axial
locations. This rather random discrepancy is more noticeable further
down the motor chamber; it may become non-negligible in very long
motors.

One should note that the analytical solutions shown in Fig. 9
include higher-order corrections. Neglecting these higher-order
terms leads to a grossly underpredicted maximum centerline
velocity. From the graph, it can be inferred that the leading-order
solution lacks valuable flow information and that the higher-order
terms appear to be a requisite for accurate predictions in long
chambers with large taper angles. The higher-order corrections seem
to slowly recover the second-order axial derivative that was omitted
in the basic solution. Clearly, Fig. 9 displays very good agreement
between the analytical and numerical solutions.

D. Acxial Derivatives

Our quest for an analytical, closed-form solution has required
several assumptions. These assumptions have targeted several
derivatives, namely 1) 8*v//9z> and 2) d8/dz. The magnitudes of the
second-order axial derivatives of stream function have been
extracted from the numerical solution and quantified along the axis.
The second-order radial derivatives were also plotted for the purpose
of comparing the two quantities. Figure 9a clearly depicts an
oscillatory behavior as is typical of a small fluctuating quantity.
These fluctuations remain insignificant, namely, of O(10~*) down
the length of the chamber. In contrast, the radial derivatives shown in
Fig. 10b exhibit magnitudes of O(1), thus justifying their retention in
the analytical model.
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Fig. 9 CFD versus analytical velocity profiles at various axial locations
for select taper angles.

Similarly, the magnitudes of the axial derivatives (described in
Fig. 10c) for the velocity ratio are small enough that they would have
no appreciable effect on the analytical solution. This plot shows the
axial variation of df/dz at several radial locations for « =3 deg.
From the graph, it can be inferred that the axial variation of each
derivative dictates the shape of the velocity profile. For example, at
r = ry, the axial derivative slowly increases. One may recall that the
velocity profile must adjust itself at each axial location to satisfy the
no-slip requirement at the tapered surface. Bearing this in mind, it can
be realized that the rate of change at the wall must increase due to the
increased axial variation as the gases propagate down the chamber.
At the axis of the chamber, one notices a decreasing derivative. This
also indicates that the centerline velocity must decrease in the axial
direction. From a physical standpoint, these changes must occur to
satisfy mass conservation. The increasing rate of change at the wall
works in conjunction with the decreasing rate of change at the axis to
cause the profile to slowly relinquish its radial dependence with axial
distance. Hence, the profile may evolve into a near constant shape
over the cross-section for sufficiently long tapered domains.

VI. Limitations

For practical applications of the analytical solutions presented
heretofore, one may be concerned with their parametric limitations.
Previously, such limitations were explored by analytically predicting
the behavior of the gases at an infinite distance from the head end.
The results of this inquiry suggest that some relationships, guided by
mass conservation, must be maintained between the geometric
parameters. As shown in Sec. IL.D, the pertinent relationship may be
expressed as
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Fig. 10 Numerical axial derivative approximations from FLUENT™
shown at several taper angles.

z=5—-1L (89)

This criterion was obtained using the average value of the velocity as
opposed to the maximum centerline velocity. To determine a
maximum range for which the analytical solutions remain
applicable, one must calculate the maximum relative error between
asymptotic predictions and numerical solutions. To do so, it is
expedient to examine the asymptotic limit where the velocities in
each chamber are at their maximum values; this can be
accomplished, for instance, by comparing the centerline velocities
predicted by numerics and those by asymptotics. For the nontapered
segments, the relationship between centerline and average velocities
can be easily found to be

—1
Umax = §nuave (90)

By translating this result to the centerline velocity, the criteria that

establish the upper limit of the solution domain may be extrapolated.
One finds

I=——-1L (C2))

T
Equation (91) can now be solved for L, = 0 to obtain the maximum
conservative domain aspect ratio for a given taper angle. One finds

Z 1
_ Zcons - (92)

Zeons =
cons RO na

It is our observation that, so long as z < z.,, the percent error
between numerics and asymptotics remains less than 1%. The
conservative range represents a domain of asymptotic validity in
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Fig. 11 Numerical and analytical approximations of the maximum
(centerline) velocity with attendant relative error for two taper angles.

which the accrued error is virtually insignificant. By requiring a
minimum chamber aspect ratio of 4 (lest edge effects become
important), the maximum conservative taper angle for which an
asymptotic solution would exhibit a smaller than 1% error can be
readily calculated from Eq. (92). One finds the maximum
conservative taper angle to be 4.5 deg. Therefore, a suitable range of
tapers would be 0 < o < 4.5 deg.

Shown in Figs. 10a and 10b are the centerline velocities for o = 1
and 4.5 deg, respectively. The behaviorato = 1 deg is quite similar,
although the range is different (due to the difference in geometries).
In Fig. 11a, it is seen that the maximum percent deviation is about

16.4%. Here, the conservative range is 0 < z < 18.2. As predicted,
the two solutions (numerical and analytical) begin to diverge outside
of the conservative domain.

For the case of the maximum taper angle, o« =4.5 deg, the
conservative range is reduced to 0 < z < 4. The location at which a
20% discrepancy accrues between the two solutions is found to be
approximately 17.0. For values greater than 17.0, the deviation
begins to increase until it reaches a maximum value of 42.2%. The
numerical cases shown here clearly support the analytical criterion
within the conservative range. It may be inferred that the analytical
solution exhibits a larger range of applicability for smaller taper
angles.

For the idealized circular-port motor with very small taper
(Fig. 1la), the maximum percent deviation § is about 16.0% (at
which point the error between numerics and asymptotics remains
approximately constant as the solution levels off to a constant value).
For such small taper, one may apply the analytical solution with
minimal error, at least in theory, over an infinitely long domain. The
range of aspect ratios for which relative discrepancies remain under
20% is generally much longer than those currently used in practice.
In cold-flow models for SRMs, the present solution will remain
within 20% of the numerical cases up to z/zons = 4. In the interest of

clarity, the key components of the solution are summarized in
Table 1.

VII. Conclusions

In this study, we have presented an approximate solution for the
mean flowfield in circular-port rocket motors with tapered bores. In
pursuit of expressions that characterize the chamber pressure,
mathematical operations were performed with the assumption that
the distance from the centerline was constant, given its variation of
O(sin ). Higher-order corrections were needed and these were
found to compensate for the assumption of axial invariance of the
chamber radius. Later, the higher-order corrections helped to recover
the effect of the second-order axial derivative of the stream function.

Given the methodology to obtain the desired flowfield, the
numerical simulation has been instrumental in substantiating the
assumptions carried throughout the analytical derivation. Both
theoretical avenues concur in that:

Table 1 Components of the canted Taylor—Culick profile

Variable

Equation

Stream function at canted surface
Radius at canted surface
Vorticity at canted surface

Vorticity along streamline

Average velocity at flow cross section

Maximum-to-average velocity ratio
Independent similarity variable

Stream function

Vy(z) = zseca(l +ztane) + L
ry=1+ztana

oo

Q :4ﬂ2r%[1 — QUS4 yoose %)]

. 1
Yy zseca(l+5ztana)+L
Uave = 2 7 2 (1+ztana)®

—1 4, 2
ﬂ() =37, Igl - 3,€ _§uavc

ar?

— B 2
n= '30 2 7 2(I+ztana)?

Vo = Yy sina, Yy = gt Y[3 + cos(2n) — 2sinn — 4 cosn + (8/m)n cos ]

Axial velocity Uy =3 Uy, cosn, u,y =ud [(2 — 1m) cosn 4 (r — 2n) siny — L sin(2n)]
Radial velocity U, = 7WSeca sinmg, u, | = —*4= seca““i:ﬂ"“)B + cos(2n) — 2sinn — 4 cosn + (8/m)n cos n]

ino- i _ 2 (z +2L) 22
Leading-order axial pressure p=—%zseca m -z

N T < _ 2 zseca(zseca+2L)
Leading-order axial pressure drop Apy=— %W
First-order axial pressure drop Ap, =— ”7% (zseco +2L) — e &2 {d(r — 4)? 2 sec’ @ + 2sec?a[16(w — 4)2L + 97°r]

’ +3Lzseca[8(m — 4)°L + 3n2r¥] + 16(w — 4)2L3}
Average momentum thrust F. — mlltzsecaQtzana)l
ave (142 tana)?

Actual momentum thrust

F(z) =1m*(L + zseca)? — in?e(L + zseca)[} 3w — 10)(L + zsecw)® + nzseca(2L + zseca)]

Momentum correction coefficient for L = 0 Ao =47 + (21w —40)zseca, Ay = mzseca + 35 w(21w — 40)2?sec’a

Limit on range of applicability

z<lcesca—L
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1) The incorporation of the taper is required to avoid
overpredicting the pressure drop.

2) The taper effect is more pronounced as the gases move away
from the head end due to the increasing cross-sectional area.

3) Long motors with L > 4 experience reduced sensitivity to the
taper angle. Smaller motors experience increased sensitivity.

4) The mean flow approaches its asymptotic limit in sufficiently
long motors.

5) When modeling short motors or those with very small taper
angles, (0.5 deg<a <1 deg), the leading-order solution is
sufficient; however, for larger angles and longer motors, higher-
order corrections become necessary.

6) The ideal momentum thrust diminishes at higher taper angles
but increases with motor length until it reaches its asymptotic limit.

In closing, it may be worth mentioning that accurate matching of
both numerical and analytical solutions requires that the motor
parameters be chosen within specified limits. The corresponding
criteria are discussed and shown to be practical. One shortcoming in
the analytical solution is that it is long, albeit simple to implement and
evaluate. In future work, we hope to extend this investigation to
chambers with arbitrary cross section.
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